We propose and demonstrate a new type of metalenses that are phase compensated by gradient index (GRIN) or inhomogeneous permittivity metamaterials. Both elliptically and hyperbolically dispersive GRIN metalenses for both internal and external focusing are studied. The requirements for the GRIN metalenses and the light focusing characteristics are analyzed and numerically verified. The GRIN metalenses can achieve super resolution and have ordinary or extraordinary Fourier transform functions, thus enabling exotic applications.
I. INTRODUCTION
Lenses are pervasive in optical systems. The spatial resolution of a conventional lens is limited to about half the working wavelength ∼λ 0 /2 due to the diffraction of light. Immersion techniques are able to improve the resolution up to ∼λ 0 /(2n);
2,3 such enhancement, however, is quite modest due to the low refractive index n of natural materials. It is worth mentioning that a number of super-resolution techniques, such as the stimulated emission-depletion microscopy, 4 ,5 the single molecular/particle localization-based microscopy, [6] [7] [8] and the structured illumination microscopy, [9] [10] [11] have also been developed within the last two decades based on conventional optics. However, all these techniques have to deal with various limitations such as slow imaging speed, complex light illumination control and sample preparation, and additional numerical image reconstruction process. To achieve higher resolution from a lens point of view, a material that can support the propagation of light with higher wavevectors is needed. Artificial metamaterial may possess extraordinary material properties beyond the natural availabilities [12] [13] [14] and thus have become an incomparable candidate for this purpose.
Various superlenses have been proposed and demonstrated with resolving power beyond the conventional diffraction limit within the last decade. [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] Despite their super-resolving ability, such superlenses behave distinctly to their conventional counterpart. For instance, they cannot focus a plane wave due to the lack of phase compensation mechanism. Recently, two types of phase-compensated metamaterial lenses, i.e., the metamaterial immersion lens (MIL) 25 and the metalens, 26 were proposed by shaping or applying a plasmonic waveguide coupler array to a plasmonic metamaterial, respectively. While having super-resolving power, both the MIL and metalens can focus a plane wave, which is similar to a conventional optical lens. This plane-wave focusing property, i.e., Fourier transform, is a fundamental function of a lens and the basis of Fourier optics and optical data processing. As is demonstrated, shaping a metamaterial for an MIL is similar to shaping a piece of glass for a conventional optical lens, in which the phase compensation for focusing is obtained by the geometry. From the point of view of transformation optics, 27-29 the geometry variation can be transformed into the material space, resulting in inhomogeneous material properties in space, as is in a conventional gradient index (GRIN) lens. 30 In the past inhomogeneous metamaterials have attracted much attention in cloaking, transformation optics, etc., and have also been shown to be able to focus optical beams and surface waves. 28, 29, [31] [32] [33] [34] [35] [36] Here we design new metalenses using gradient metamaterials, which we refer to as GRIN metalenses. The GRIN metalens possess super-resolving power as well as the Fourier transform capability.
II. THEORY AND ANALYSIS
The idea may be illustrated with a two-dimensional (2D) GRIN metalens. Although both the permittivity and permeability of metamaterials can be designed for novel devices and phenomena, 12, 32 it is prohibitively difficult to realize the tuning of the permeabilities of bulky metamaterials at the visible light frequencies. In this work we focus on plasmonic metamaterials, tuning only the permittivities because of their relatively low loss and availability of fabrication techniques for bulky materials. 14 The dispersion of a 2D uniform plasmonic metamaterial k 2 z /ε x + k 2 x /ε z = k 2 0 may be either elliptic (ε x > 0, ε z > 0) or hyperbolic (ε x · ε z < 0), with ε x and ε z being the complex permittivity of the metamaterial in the x (transverse) and z (propagation) directions, respectively; k x and k z being the wavevector in the x and z directions, respectively; k 0 being the wavevector in free space; and the prime representing the real part. We note that the materials with the combination of (ε x < 0, ε z < 0) are not considered because such materials do not support propagating waves. Varying the properties of a metamaterial in space, a GRIN metalens can be achieved, and its focus can be either inside or outside the metamaterial.
It is well known that a conventional GRIN lens requires a symmetric refractive-index profile with its maximum at the center for both internal and external focusing. The permittivity profiles (ε x , ε z ) needed for a GRIN metalens, however, is not obvious due to the complexity resulting from the material anisotropy and possible positive or negative refraction at the lens/air interface. In the following we analyze the necessary types of permittivity profiles for a GRIN metalens and numerically verify the analysis using practical metamaterial designs.
Figure 1(a) shows the schematic one-period ray model of an internal-focusing GRIN metalens. The GRIN metalens can be modeled by discretizing the material into infinitesimally thin layers in the x direction, each of which may be considered as a uniform medium, as shown in Fig. 1(b) at an arbitrary location P on the ray trajectory AC in the converging region. The lens focusing problem is now simplified into a refraction problem at the interface between two adjacent anisotropic media. Assuming the material property variation is slow, it can be easily concluded that the refraction angle ϕ 2 should be always less than the incident angle ϕ 1 for all points on the ray trajectory before reaching the focus C. Giving anisotropic permittivities (ε x1 ,ε z1 ) and (ε x2 ,ε z2 ) to layers 1 and 2, respectively, the momentum conservation at the interface requires the following relation between ϕ 1 and ϕ 2 , 27 ,38
At point A, ϕ 1 = 90
• and Eq. (1) is then reduced to
In order to guarantee a solution of ϕ 2 < 90 • , the right-hand side of Eq. (2) needs to be larger than zero. Equation (2) indicates that ε x cannot be a constant; otherwise ϕ 2 = 90
• and thus an incident plane wave will maintain its propagation direction without being altered to form a focus. We also notice the case that ε x has gradient but in which ε z keeps constant is extremely difficult to realize in practice; we therefore exclude the cases that either ε z or ε x is constant in the following study. Analyzing Eqs. (1) and (2), we obtain all the possible combinations of the symmetrical gradient profiles of ε x and ε z for the GRIN metalens to achieve internal focusing, which we have summarized in Table I . If a GRIN metalens can focus inside the metamaterial, the outside focusing in air can be achieved by truncating the metamaterial in either the converging or diverging regions, which is determined by the positive (elliptically dispersive metamaterial) or negative refraction (hyperbolically dispersive metamaterial) experienced at the metamaterial/air interface. Another distinction between the hyperbolic and elliptic dispersions in GRIN metalenses is that a hyperbolically dispersive metamaterial with gradient ε x and ε z profiles that lead to internal divergence (no internal focus) still can bring light into an external focus through the negative refraction at the interface. All external focusing configurations are also included in Table I .
We emphasize that a ε z profile with a maximum at the center in case I-(ii) does not always result in internal focusing. Additional restrictioṅ
to the permittivity profiles, with the dot representing the derivative with respect to x, needs to be satisfied to guarantee the internal focusing. Because ε x > 0 and its maximum is at the center ε x 2 > ε x 1 and 1/ε x 2 < 1/ε x 1 , Eq. (1) thus becomes
TABLE I. The conditions of symmetrical gradient anisotropic material properties for GRIN metalenses with internal and external focusing. Max and Min take the maximum and minimum, respectively; the dot atop ε x (x) and ε z (x) stands for the derivative with respect to x.
Material properties
Requirements for gradient permittivity profile of Focus
Yes Yes, truncate in the converging region
Yes, truncate in the diverging region
Yes, truncate in the diverging region IV All others No Yes 
must be met to ensure ϕ 2 < ϕ 1 . Rewriting this inequality using differential notations results in the additional restriction in inequality (3) to the ε z profile in case I-(ii). We note that the conventional GRIN lens is a subset of case I-(ii), with ε x = ε z > 0. The additional restrictions for other cases in Table I are similarly obtained. Table I provides general guidance for choosing metamaterials in designing GRIN metalenses. An immediate rule for designing a GRIN metalens is that the type of the gradient profile of ε x should be looked after first. Once the ε x is chosen for the desired focusing behavior, the ε z profile is then determined by a specific metamaterial system. In the following we illustrate the previous analyses for both internaland external-focusing GRIN metalenses with cases I-(i), II, and a case in IV, which represent elliptic and hyperbolic internal-focusing GRIN metalenses and a hyperbolic metalens with only external focusing, respectively, using the commonly used multilayer 39 and nanowire 40 metamaterials. Note that we exclude cases I-(ii) and III in the demonstration because case I-(ii) is usually in the resonance regime and thus practically highly lossy; the type of metamaterials with (ε x < 0,ε z > 0) in case III cannot support light propagation with wavevectors less than certain cut-off value. Figure 2 shows an elliptic GRIN metalens with both internal and external focusing corresponding to case I-(i) in Table I . The permittivity profiles of an elliptic GRIN metalens for both internal and external focusing are the same; the only difference is their different lengths. This specific GRIN metalens is designed using Ag/TiO 2 multilayers at 660 nm. The multilayers are orientated in the transverse (x) direction, and the thickness of Ag and thus the filling ratio varies symmetrically from x = 0 to the edges, as is schematically shown in the inset of Fig. 2(b) . The permittivity profiles of the metalens are shown in Fig. 2(a) , of which ε x is a squared hyperbolic secant profile, 29 which is used thereafter for all the other simulations. The material properties of Ag and TiO 2 , and all the other materials used thereafter, can be found in Ref. 41 . Figure 2(b) shows the simulation of this elliptic GRIN metalens for internal focusing, which, and all other simulations thereafter, was performed using the Comsol Multiphysics TM . When it is truncated shorter, an external focus is attained, for which the simulation is shown in Fig. 2(c) .
III. SIMULATIONS AND VERIFICATION
The diverging rays in a hyperbolic GRIN metalens can also achieve external focusing due to the negative refraction at the interface of metamaterial/air. Figure 3 shows such a hyperbolic GRIN metalens that only has an external focus, which is one of the "All others" cases in category IV in Table I . An incident normal plane wave is always diverged by such a hyperbolic metamaterial; no internal focus is formed. The metamaterial is designed using Ag nanowires oriented vertically in an alumina background, as is schematically shown in the inset of Fig. 3(b) , of which the effective permittivity profiles are shown in Fig. 3(a) . Figure 3(b) shows the simulation of this hyperbolic GRIN metalens illuminated with a normal plane wave at 830 nm; a focus is formed in air. In our MIL 25 and metalens 26 demonstration, the hyperbolic ones showed an abnormal focus-shifting behavior that is opposite to that in a conventional lens when the incident plane wave is tilted. However, the focus shifting behavior in air of this hyperbolic GRIN metalens is normal for tilted incident beam, as shown in Fig. 3(c) , which is a result of the double negative refraction at the input and output metamaterial/air interfaces.
FIG. 4. (Color online) (a)
Permittivity profiles of a hyperbolic GRIN metalens that has both internal and external focusing designed using silver (in gray/dark gray) nanowires in an alumina (in yellow/light gray) background. The volume-filling ratio of silver varies symmetrically from 30% at the center to 60% at the edges. The schematic geometry is shown as a legend in the right inset of (b). The left inset of (b) shows the zoom-in focus area when the metalens is truncated at its internal focal plane. Simulated electrical intensity (x component) distribution for (b) normal and (c) tilted-incident plane wave. λ 0 = 830 nm.
While the previous type of hyperbolic GRIN metalens can only have external focusing, a hyperbolic GRIN metalens may be designed to have both internal and external focusing. Figure 4 shows the permittivity profiles and the simulations of such a hyperbolic GRIN metalens in the category of case II in Table I . The metamaterial is designed using Ag nanowires oriented vertically in an alumina background at 830 nm, of which the permittivity profiles are shown in Fig. 4(a) . Because a normal incident plane wave is converged by these permittivity profiles to form an internal focus, when it is truncated at the diverging region an external focus is formed due to the negative refraction at the metamaterial/air interface [see Fig. 4(b) ]. When the incident beam is tilted, the internal focus is shifted anomalously to the side that is opposite to that in a conventional lens, as shown in Fig. 4(c) , demonstrating its extraordinary Fourier transform function. The external focus is also shifted abnormally to the same side as the internal focus. The external focus is not directly formed by converging the incident plane wave but by a self-image of the internal focus, which explains the abnormal shifting originating from the hyperbolic dispersion.
IV. CONCLUSIONS AND DISCUSSIONS
As shown by the previous simulations, both the elliptic and hyperbolic GRIN metalenses can bring plane waves into a super-resolution focus inside the metamaterial. The super resolution originates from the exceptionally high effective refractive indices of the metamaterials. Although the resolution of the internal foci is still diffraction limited when compared with the wavelengths in the metamaterials, it is far beyond the achievable resolution by using conventional optical materials. For the same reason the GRIN metalenses can achieve much better resolution than conventional GRIN lenses. The resolution of an elliptically dispersive GRIN metalens is limited by the achievable ε z (0) [see Fig. 2(a) ], which potentially can be further improved. Theoretically, the resolution of the hyperbolic GRIN metalens is unlimited due to the unlimited transverse-wavevector coverage; its practical resolution, however, is typically determined by the feature size and loss of the fabricated metamaterials. 16 Although the GRIN metalenses are demonstrated at specific frequencies, they work off resonances and thus can work in a relatively wide band of frequencies around the design frequency.
When the metalens is truncated at a plane close to the internal focus, a super-resolution focus on the truncated surface in air is formed and can be accessed externally, as shown in the left inset of Fig. 4(b) . Because the waves at the focus inside the metamaterial possess very high wavevectors, such waves become evanescent in air and decay rapidly away from the truncated surface. The focus in the air side composes plenty of evanescent wave components, so it is subdiffraction-limited.
It is worth noting that aperiodic metallic waveguide array, which falls into the category of the hyperbolic GRIN metalens presented in Fig. 4 , was studied for deep-subwavelength focusing and steering of light, 35 indicating that λ/100 scale resolution could be achieved by the GRIN metalenses at longer wavelengths. 35 Our purpose of this work is to demonstrate the GRIN metalens concept, its designing rules, and exotic and unique focusing behaviors, which were focused on the visible and near-infrared wavelengths. Without optimization, a resolution of λ/6 in air at the wavelength of 830 nm was easily achieved. Resolution better than λ/100 could be readily achieved in the GRIN metalenses at longer wavelengths. We finally note that the resolution of the GRIN metalenses could be further improved with the manipulation of polarization, for example, using radial polarization. 42 In conclusion we have theoretically derived the possible gradient permittivity combinations for GRIN metalenses with internal and/or external focusing. They can achieve super resolution and focus a plane wave, thus can perform Fourier transform like a conventional lens. The near-field focus on the interface of a truncated GRIN metalens at its internal focal plane has the resolution beyond the diffraction limit. It can be easily accessed and utilized for many applications such as super-resolution imaging, information processing at the nanoscalses, nanolithography, high density data storage, etc.
